
Topic 12-[Power series solutions of ODEs



seriesPowerEs

Lef: We say that a
function

analytic atXo if

f(x) is-

series
it has a power

f(x)=an(x - Xo)

with
centered at Xo

positive radius
of

convergence 70 .

is allowed . I
[r = x

diverges converges diverges
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+
has radius of convergence r = &

so
has radius of convergence r = 1.

-



has radius of convergence r =

Thus
,

X2 is analytic at Xo = 2.

-

Eas :

-

· polynomials are
analytic

for all Xo

· ex
,

sin(x) ,
cos(X) are analytic

fo r all Xo
ofJfunctions (ratio nomials

① rational

are analytic at all X O

except possibly where

the denominatio is zero .



# x
=
-SX + 2

is analytic for all X.

It's a polynomial

ifunction

is analytic for all Xo

except
when

x=- 1 = 0

-



MainTheorem

Consider either of the

initial value problems :

·y
=b(x)

y(x) = Yo

OR

y" + a
, (x)y+ a o (x)y = b(x) = order=YocY(x = y

. ⑳

In either case,
if the ai(x)

and b(x) are analytic at Xo

then there exists a unique

solution to the initial-value problem of the form

T

y(x)=an(x-x

centered at Xo .



Furthermore,
the radius of

convergence >O for the

series of the solution y(x)
power

is at least the smallest
from

radius of convergence

amongst the power series

of the ai(x) and b(x).

=
y(x0) = Ye

Then the solution will have

radius of convergence

at least r = 2.



E:Let'sfindora

[=0 Center at

Xo = 0

series
powercentered at Xo = 0

efficients-3
+,,

- 2x = 0 - 2x + 0x3+ 0x & r = X

0 = 0 + 0x + 0x+ 0x +...

This tells us that we will

have a power
series solution

y(x) = y(0) + y'()x +y
+ 30 +

will radius of convergence r = D



We need to find you' (o) for n30 .

y- 2xy = 0 = y= 2xy
Given :

[C
y(0) = 1

So,f
And

, y'(0) = z [0][y(0)) = 2[0][1] = 0

soto
Differentiate y= zxy with

respect to X to get :

y" = 2y +2xyEy ++g

Su ,



y"(0) = 2(y(p)] + 2(d)(y(0)]
=z[1] + 2(0)(0)

= 2.

So,= 2

Differentiate y"= zy + zxy' to get

y= 2y + 2y + 2xy"

y( = 4y + 2xy"

So ,
y((0) = 4(y'(o)) + 2(0)(y"(01]

= 4(0) + 2(d)(2)
= 0

Mu= 0



Differentiate y"= 4y't xy" to get

y"" = 4y"+ 2y" + 2xy"

= 6y"+ 2xy'
So ,

y" (0) = G(y"(0) + S(0)(y" (o)]
= G(z) + 2(0)(0)

= 12

Thus,f12

So,

y(x) = y(0) + y'(d)x+
+ 3 x



y(x) = 1 + 0x+x

+

=1 + x+ x
+

+ ..

with radius of convergence v = X

Side note Using tropic 3,

you can show

y(x) = e
*

= 1 + x + Ex"+ -x+ + ,⑳pex
↓l-



Ex: Consider

⑫
-W
⑮

efficients
xz = 1 + 2(x-1) + (x- 1) + 0(x-13 + x)r = y

- (x -1) = 0
- 1 . (x -x + 0(x - 17+ 0(x - 13+ ...

(n(x) =
- (x- 1 + z(x - 12 + 1 . ]r =

So we can find a solution

y(x) = y() + y'(l)(x - 1) + y(x-1)

+(x- 1+



with radius of convergence

is at least r = 1.

We have

y(1) = 0[y'(l) = 0

and
z" = (n(x)

- xy+ (x - 1)y

Fy"(l) = (n(x) - (1) (Y] + (1 - 1)(3(1)]
= 0 - (1)[0] + (0)[0)
= 0

So ,

↳= 0

Differentiating above we get

-



y = Y - 2xy' - x
-y" + (1)y + (x- 1)y

I

y"(l) = + + 2(x)(y(() - (112(3"(1)]
+ y(1) + (1 - 1)(y'(oi]

= 1 + 2(x(0) - (1)(0)
+Ot (o)(0)L=

Thus
, y" (1) =

One can
calculate thatWy"(1) =

- 3

Thus,

y(x) = y(1) + y((i)(x - 1) + (x - 1)



+(x-1 + 3(x- 1+

= 0 + o(x - 1) + 0(x - 112

+ (x - 13 - -(x- 1"+ ..

·(x - 1- (x - 14 + ...

with radius of convergence

at least r = 1

·least here


